Superfluidity near phase separation in Bose-Fermi mixtures by Enss, Tilman & Zwerger, Wilhelm
ar
X
iv
:0
80
7.
00
02
v2
  [
co
nd
-m
at.
oth
er]
  1
1 D
ec
 20
08
EPJ manuscript No.
(will be inserted by the editor)
Superfluidity near Phase Separation in Bose-Fermi Mixtures
Tilman Enss and Wilhelm Zwerger
Physik Department, Technische Universita¨t Mu¨nchen, D-85747 Garching, Germany
Received: date / Revised version: date
Abstract. We study the transition to fermion pair superfluidity in a mixture of interacting bosonic and
fermionic atoms. The fermion interaction induced by the bosons and the dynamical screening of the con-
densate phonons due to fermions are included using the nonperturbative Hamiltonian flow equations. We
determine the bosonic spectrum near the transition towards phase separation and find that the superfluid
transition temperature may be increased substantially due to phonon damping.
PACS. 67.85.De Dynamic properties of condensates; excitations, and superfluid flow – 67.85.Fg Multi-
component condensates; spinor condensates – 67.85.Pq Mixtures of Bose and Fermi gases – 74.20.Fg BCS
theory and its development
1 Introduction
Mixtures of bosonic and fermionic atoms have initially
been used for sympathetic cooling of fermions. This al-
lows reaching the degenerate regime in ultracold Fermi
gases despite the freezing out of thermalizing collisions
between fermions in a single internal state at low tem-
perature [1,2]. From a theory point of view, Bose-Fermi
mixtures are of interest in their own right. Indeed, al-
ready at the mean-field level, a number of different ground
states have been predicted. Depending on the density nF
of fermions and the value of the Bose-Fermi (aBF ) and
Bose-Bose (aBB) scattering lengths, a phase separation
instability is expected for strong repulsive Bose-Fermi in-
teractions a2BF & aBB/n
1/3
F [3]. For sufficiently strong at-
tractive interactions, in turn, the mixture is unstable. Ac-
cordingly, in a trap, a collapse is expected beyond a critical
value of the particle number [4]. The situation aBF < 0 ap-
plies, for instance, to the case of 40K-87Rb mixtures, where
signatures for a collapse have been observed experimen-
tally [5,6,7]. The scattering length aBF can be controlled
using magnetically tunable Feshbach resonances [8]. This
opens the possibility to explore a number of novel phases
in Bose-Fermi mixtures with nontrivial many-body cor-
relations. One of the simplest among those is an s-wave
superfluid in a Fermi gas with two internal states, where
the attractive interaction is mediated by the exchange of
phonons in the condensed bosonic gas [9,10]. More exotic
states like p-wave pairing [11] or an odd-frequency s-wave
state [12] may arise in the case where only a single inter-
nal state of the fermionic atoms is present. For Bose-Fermi
mixtures on a lattice, a number of nontrivial phases have
been predicted, for instance a supersolid phase of bosons
in the presence of a fermionic density wave [13] or phases
with composite fermions [14].
In our present work, we reconsider the rather basic
problem of induced pairing in a balanced gas of fermions
with two internal states. The bosons are assumed to form
a Bose-Einstein condensate (BEC) whose density fluctua-
tions can be described by the standard Bogoliubov theory.
Even in the absence of a direct interaction between the
fermionic atoms there is an induced interaction mediated
by the phonons of the BEC. This situation is analogous
to that of phonon-mediated superconductivity of electrons
in a solid. As derived in textbooks [15], second order per-
turbation theory in the Bose-Fermi coupling leads to an
attractive, retarded interaction between the fermions in
the s-wave channel [16]. In weak coupling, the resulting
BCS instability appears at a temperature Tc much smaller
than the Fermi temperature TF . The effects of retardation
are then negligible because pairing only affects fermions
at the Fermi surface [17]. In the context of cold gases,
however, reaching temperatures far below TF is impos-
sible. The observation of fermionic superfluidity requires
Tc/TF to be of order 0.1 or larger, similar to the situation
of attractive Fermi gases near a Feshbach resonance [18,
19,20]. To study induced pairing in Bose-Fermi mixtures,
weak coupling approaches in which only the physics in the
vicinity of the Fermi surface is relevant, are therefore not
reliable. This applies in particular in the regime close to
the instability for phase separation where mean-field cal-
culations predict critical temperatures that are favorable
for observation [9]. Indeed, the strong interactions and the
fact that—in contrast to the situation in solids—bosons
and fermions have comparable masses, lead to a strong
renormalization of the phonon modes (dynamical screen-
ing) which is due to the excitation of fermionic particle-
hole pairs. This effect lowers the phonon frequencies and
also gives rise to damping, thus broadening the phonon
spectral function. If the dimensionless Bose-Fermi cou-
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pling exceeds a critical value, the phonon frequencies be-
come negative and the velocity of sound imaginary. This
signals an instability towards phase separation (for repul-
sive Bose-Fermi interaction) or collapse (for attractive in-
teraction). Since softer phonons induce a stronger fermion
interaction, we concentrate on the parameter region near
this instability, which is the most favorable for fermion
pair superfluidity. Obviously, the presence of strong fluc-
tuations which may increase Tc requires a technique that
goes beyond the mean-field level of a BCS approach, where
retardation and the backaction between the fermions and
the phonons of the reservoir (in our case the BEC) are
negligible.
In conventional superconductors, the effects of retar-
dation are usually treated within Eliashberg theory [21].
This approach typically relies on the assumption that the
induced interaction between fermions still appears only
close to the Fermi surface and also that the Fermi ve-
locity is much larger than the velocity of sound (adiabatic
limit). In the context of cold atoms, however, where Tc/TF
may be of order unity, fluctuations with energies up to the
Fermi energy EF become important. Moreover, in typical
mixtures like 40K and 87Rb, the mass ratio of fermions
and bosons is of order unity. Provided that the healing
length of the BEC is of the same order as the average
spacing between fermions, the resulting ratio of the sound
and Fermi velocities is near unity. A treatment of induced
fermion pairing in Bose-Fermi mixtures in terms of Eliash-
berg theory in such a situation was given by Wang [22].
He found that the strong-coupling effects enhance Tc con-
siderably, at least in the regime |aBF |kF . 0.1.
To deal with the problem of strong coupling in Bose-
Fermi mixtures, we propose a different route using a renor-
malization group method which automatically takes into
account effects on all energy scales and naturally iden-
tifies the elementary excitations of the coupled system.
To this end, we follow Wegner’s idea of a continuous uni-
tary transformation of the Hamiltonian [23,24]. It may
be viewed as a reorganization of perturbation theory in
such a way that the new basis describes dressed particles
which do not decay and whose effective interactions are
regular. In this way, the induced interaction is always at-
tractive, free of singularities and truly retarded (i.e., it
vanishes for large energy transfer or short times) [25,26].
The method thus properly describes the effective interac-
tions even in a regime where the typical fermion energies
exceed the phonon energy. By retaining the full Hilbert
space it allows to deal with fluctuations far away from the
Fermi surface in a natural manner and provides quanti-
tatively reliable results for the critical temperature near
the interesting regime of the phase separation instability.
Compared with Eliashberg theory, the merit of the flow
equations is that they yield a block-diagonal Hamiltonian
from which one can read off the elementary excitations and
identify the relevant degrees of freedom. Moreover, in con-
trast to the Wilson momentum-shell RG where scattering
between bare particles depends on both frequencies and
momenta, the scattering of renormalized particles in the
flow equations depends on momenta alone, which makes
them easier to parametrize numerically.
The plan of the paper is as follows: in section 2 we
introduce the Hamiltonian flow equation method which
allows us to separate energy scales and avoid spurious
singularities. In section 3 we present our results for the
renormalization of the phonon dispersion relation near the
transition towards phase separation (where the effect is
largest), and for the change in the induced interaction and
of Tc due to this damping. Finally, we discuss our results
and where best to observe pair superfluidity experimen-
tally in section 4.
2 Hamiltonian flow equations
We consider a homogeneous, three-dimensional Bose-Fermi
mixture of spin-polarized bosons and fermions in two equal-
ly populated hyperfine states. The bosons interact via a re-
pulsive pseudopotential with strength gBB = 4π~
2aBB/mB,
where aBB > 0 is the associated s-wave scattering length
andmB the boson mass. The interaction gBF = 2π~
2aBF /mr
between bosons and fermions with reduced mass mr may
be attractive or repulsive, depending on the sign of the in-
terspecies scattering length aBF . For simplicity, we assume
that the direct interaction between fermions is negligible.
At low temperatures the bosons are condensed and it
is sufficient to consider how the fermions couple to the
phononic excitations on top of the condensate. The re-
sulting model Hamiltonian (more precisely H− µN)
H = H0 +Hint (1)
H0 =
∑
q
ωq : a
†
qaq : +
∑
k
ǫk : c
†
kck :
Hint =
∑
kq
Mq
(
a†−q + aq
)
c†k+qck
then coincides with that of an idealized description of the
electron-phonon interaction in solids. Here k = {k, σ} de-
notes the momentum and effective spin degree of freedom
σ =↑, ↓ to label the different hyperfine states. Similarly,
a(†) and c(†) are creation and annihilation operators for
the phonons and fermions, respectively, while : . . . : de-
notes normal ordering. The single-particle energies of the
fermions are ǫk = k
2/2mF −µF . The phonons of the BEC
are described by a Bogoliubov spectrum of the form ωq =
cs|q|
√
1 + q2ξ2 with phonon velocity cs =
√
nBgBB/mB
and healing length ξ = 1/
√
4mBnBgBB for the condensate
with density nB. The fermion-phonon coupling is given
by Mq = gBF
√
2nBω0q/ωq with bare bosonic dispersion
ω0q = q
2/2mB.
On the mean-field level the stability of a Bose-Fermi
mixture is guaranteed by the condition [27]
λMF =
γ2BF
γBB
< 1 (2)
with the dimensionless couplings γBF = gBFN(EF ) and
γBB = gBBN(EF ), where N(EF ) is the bare fermionic
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density of states at the Fermi level. Even for weak Bose-
Fermi coupling γBF the system can become unstable if
γBB is also small (for typical values see section 3 below).
As we will see below in equation (23), the induced fermi-
onic coupling λ at weak-coupling is given by the effective
Cooper pair interaction at the Fermi surface averaged over
the scattering angle,
λ = γ2BFx log
(
1 +
1
xγBB
)
(3)
with x = nBmB/(3nFmF ) relating the densities and masses
of bosonic and fermionic atoms. Note that in the limit
xγBB ≫ 1 (small healing length ξ ≪ k−1F ) the angular
average has no effect and λ → λMF. We are interested in
the regime where λ is of order unity: in this case the po-
laronic effects described by an enhanced effective fermion
mass [28]
m∗
m
= 1 + λ (4)
are not very large (we will consider them in a future pub-
lication [29]). However, at the same time the induced fer-
mionic interaction λ is quite large compared to the very
weak bare fermion repulsion (see section 3 below).
The standard Fro¨hlich transformation [16,21] decou-
ples the fermionic and bosonic degrees of freedom and
yields an induced fermion-fermion interaction. In particu-
lar, for the BCS channel k′ = −k one obtains
V
(Fr)
k,−k,q = −
ωqM
2
q
ω2q − (ǫk+q − ǫk)2
(5)
which has a singularity if large fermion energies are rele-
vant in the gap equation, as happens in the case of cold
atoms. A well-established way to avoid such divergences is
to perform a regularization and renormalization that first
takes into account scattering processes with large energy
transfer (off-shell) and successively proceeds to processes
with smaller energy transfer (approaching on-shell scatter-
ing). In this way, perturbation theory is reorganized and
resummed so as to satisfy energy scale separation and to
avoid small energy differences in the denominator of per-
turbative expressions [24].
Essentially, there is some freedom in choosing the uni-
tary transformation to decouple the fermion and phonon
sectors: real physical processes (on-shell) of course have
to remain unchanged, but the off-shell interaction (which
is important for fermion pairing) can be made regular by
choosing an appropriate basis for the fermionic quasipar-
ticles.
Specifically, this change of basis is achieved by a con-
tinuous unitary transformation on the Hamiltonian that
eliminates scattering processes with successively lower en-
ergy transfer [23,24]. It can be expressed in the form of a
differential flow equation
dH(ℓ)
dℓ
= [η(ℓ),H(ℓ)] (6)
with a flow parameter ℓ going from 0 to∞ that has dimen-
sion (energy transfer)−2. Here η(ℓ) is an anti-hermitian
operator which generates the unitary transformation
U(ℓ) = Tℓ exp
(∫ ℓ
0
dℓ′ η(ℓ′)
)
(7)
(with ℓ-ordering defined in the same way as time ordering)
such that
H(ℓ) = U(ℓ)H(ℓ = 0)U(ℓ)† . (8)
There is some freedom in choosing η appropriately; for
models where the Hamiltonian can be split into diagonal
and interacting parts Wegner [23] suggested the canonical
choice
η(ℓ) = [H0(ℓ),Hint(ℓ)] (9)
which makes the Hamiltonian increasingly energy diagonal
along the flow and guarantees energy scale separation. For
the Fro¨hlich Hamiltonian (1) we choose the generator that
has been used originally by Lenz and Wegner [25]
η(ℓ) =
∑
kq
(
Mkqαkqa
†
−q +Mk+q,−qβkqaq
)
c†k+qck (10)
where
αkq = ǫk+q − ǫk + ωq βkq = ǫk+q − ǫk − ωq (11)
denote the energy gain in the fermion-phonon scattering
(on-shell αkq = βkq = 0). The flow equation (6) leads to
a flow of the single-particle energies ǫk and ωq and the
fermion-phonon coupling Mkq. Moreover, it generates a
new coupling Vkk′q between two fermions. Two-phonon
terms are absent under the assumption of harmonic den-
sity waves [16], and higher couplings between several pho-
nons and fermions would only be generated at higher or-
ders in the fermion-phonon coupling beyond O(M2). Fol-
lowing [25] we choose to neglect these and consider only
the following running couplings in the Hamiltonian:
H(ℓ) =
∑
q
ωq(ℓ) : a
†
qaq : (12)
+
∑
k
(
ǫk(ℓ)− 2
∑
q
nk+qVk,k+q,q(ℓ)
)
: c†kck :
+
∑
kk′q
Vkk′q(ℓ) : c
†
k+qc
†
k′−qck′ck :
+
∑
kq
(
Mkq(ℓ)a
†
−q +Mk+q,−q(ℓ)aq
)
c†k+qck
+ irrelevant terms.
The renormalization of these couplings up to second order
O(M2) in the flowing fermion-phonon coupling is given by
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the flow equations
dMkq
dℓ
= −α2kqMkq (13)
dωq
dℓ
= 2
∑
k
M2kqαkq (nk+q − nk) (14)
dǫk
dℓ
= −2
∑
q
(
nqM
2
k+q,−qβkq + (nq + 1)M
2
kqαkq
)
(15)
dVkk′q
dℓ
=MkqMk′−q,qβk′,−q −Mk+q,−qMk′,−qαk′,−q
(16)
where all couplings on the right-hand side are ℓ-dependent
and nk and nq are the fermionic and bosonic occupation
numbers, resp. The initial conditions are ǫk(ℓ = 0) = ǫk,
ωq(ℓ = 0) = ωq, Mkq(ℓ = 0) = Mq and Vkk′q(ℓ = 0) =
0 (without direct fermion-fermion interaction). The flow
equation for the fermion-phonon coupling can be solved
immediately,
Mkq(ℓ) =Mq exp
(
−
∫ ℓ
0
dℓ′α2kq(ℓ
′)
)
. (17)
Mkq vanishes during the flow as the unitary transforma-
tion successively decouples the fermion and boson sectors
of the Hamiltonian. Since we assume a weak fermion-
phonon coupling we neglect the renormalization of the
fermion single-particle energies ǫk. Instead, we are mainly
interested in the effect of phonon damping on the induced
interaction V , to see whether already a small damping
may change the interaction in the limit of resonant scat-
tering. The flow of the phonon energies in three dimensions
then becomes
dωq
dℓ
= −M
2
q
2π2
∫ ∞
0
dk k2nk
∫ 1
−1
d(cos θ)(
αkqe
−2
R
ℓ
0
dℓ′α2kq + βkqe
−2
R
ℓ
0
dℓ′β2kq
)
. (18)
The integration over the angle θ between k and q is lengthy
but straightforward,
dωq
dℓ
= −M
2
qmF
2π2q
∫ ∞
0
dk k nk e
−2[
R
ℓ
0
ω2q(ℓ
′)dℓ′−ℓω¯2q(ℓ)]
×
{
e+− − e++ + e−− − e−+
4ℓ
+(ω¯q − ωq)
E+− − E++ − E−− + E−+
2
√
2ℓ/π
}
(19)
with ω¯q(ℓ) = (1/ℓ)
∫ ℓ
0 ωq(ℓ
′)dℓ′, eσ
′
σ = exp[−2ℓ(ασ
′
σ )
2],
Eσ
′
σ = erf[
√
2ℓασ
′
σ ] and α
σ′
σ = q
2/(2mF )+σkq/mF +σ
′ω¯q.
We use a Sommerfeld expansion for the temperature de-
pendence of the Fermi function nk which allows the re-
maining k integrals to be evaluated analytically. The flow
equation is then integrated numerically for different q val-
ues; we use a logarithmic q grid near the phase transition.
In order to determine the transition temperature for
fermion pairing, we concentrate on the BCS channel of
the induced interaction, V BCSkq = Vk,−k,q , for which the
flow equation simplifies to
dV BCSkq
dℓ
= (βkq − αkq)MkqMk+q,−q (20)
= −2ωqM2q exp
(
−
∫ ℓ
0
(α2kq + β
2
kq)dℓ
′
)
= −2ωqM2q exp
(
−2ℓ(ǫk+q − ǫk)2 − 2
∫ ℓ
0
ω2qdℓ
′
)
If the phonon frequency is not renormalized (mean field),
the flow equation can be integrated to give
V BCSkq (ℓ =∞) = −
ωqM
2
q
ω2q + (ǫk+q − ǫk)2
(21)
which differs from the Fro¨hlich result (5) by the + sign
in the denominator: this induced interaction is always at-
tractive and vanishes for large energy transfer (retarded).
The difference is due to using a different fermionic quasi-
particle basis.
For solving the gap equation it will be useful to express
the induced interaction between a k, −k Cooper pair and
a k′, −k′ pair in terms of energy variables ǫ = ǫk, ǫ′ = ǫk′
and average over the angle:
V (ǫ, ǫ′) = − N(EF )
2
2k2FN(ǫ)N(ǫ
′)
∫ k+k′
|k−k′|
dq q
ωqM
2
q
ω2q + (ǫ
′ − ǫ)2
(22)
with k =
√
2mF (ǫ + µF ) and likewise for k
′. Specializing
further to Cooper pairs on the Fermi surface one obtains
the phonon-induced coupling strength [9]
λ = −N(EF )V (ǫ = ǫ′ = EF ) (23)
=
N(EF )
2k2F
∫ 2kF
0
dq q
M2q
ωq
=
γ2BF
γBB(2kF ξ)2
ln[1 + (2kF ξ)
2]
which depends only logarithmically on γBB (see equation
(3) above). Inserting this expression independent of energy
into the gap equation
∆(ǫ) = −
∫
dǫ′N(ǫ′)V (ǫ, ǫ′)
∆(ǫ′)
2E(ǫ′)
tanh
(
E(ǫ′)
2T
)
(24)
yields the well-known weak-coupling result
Tc =
γ
π
(
2
e
)7/3
exp{−1/λ} (25)
where now and in the following we have already included
the correction to the prefactor due to the polarization of
the fermions [30].
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However, the projection onto the Fermi surface in equa-
tion (23) [9] is justified only when cs ≫ vF and becomes
insufficient as cs . vF and retardation effects become im-
portant. Therefore, it is necessary to go beyond the mean-
field level and include the damping of the phonons and its
influence on the induced interaction by solving the full
flow equations (19) and (20), and finally solving the gap
equation (24) with this renormalized effective interaction.
3 Results
The flow equation (19) yields the renormalized phonon
spectrum due to the excitation of fermionic particle-hole
pairs. The Bogoliubov spectrum for a given repulsive gBB >
0 is softened upon increasing g2BF up to the point where
ωq=0 turns negative; this signals a local instability to-
wards phase separation. Typical 40K-87Rb systems [5,6]
with the K atoms prepared in the |9/2,−9/2〉, |9/2,−7/2〉
hyperfine states and the Rb atoms in the |1, 1〉 state have
fermion densities nF = n
↑,↓
F ≃ 1012 cm−3 (such that kF =
k↑,↓F ≈ 1.7 · 10−4a−10 ), a boson density nB ≃ 1014 cm−3,
and a mass ratio r = mF /mB = 0.46. The background s-
wave scattering lengths are aBB = 99a0, aBF = −284a0,
aFF = 174a0 [6]. This results in the dimensionless cou-
plings
γBB = N(EF )gBB =
2r
π
kFaBB ≈ 0.005 (26)
γBF = N(EF )gBF =
1+ r
π
kF aBF ≈ −0.02 (27)
γFF = N(EF )gFF =
2
π
kFaFF ≈ 0.02 . (28)
These couplings may be tuned by Feshbach resonances
towards the phase transition at γ2BF = γBB (mean field).
Moreover, for the healing length ξ
kF ξ =
√
k2F
4nBmBgBB
=
√
3r
4(nB/nF )γBB
≈ 0.8 (29)
and the ratio of phonon and fermion velocities is
cs
vF
=
rmB
kF
√
nBgBB
mB
=
r
2kF ξ
≈ 0.3 . (30)
In this regime, corrections to the fermion-phonon vertex
are small (Γ < 0.1) [22,31].
The spectrum is most interesting at this critical point
because here we expect the induced fermion interaction
to be largest. Fig. 1 shows the phonon spectrum for γBB
fixed at a realistic value γBB = 0.005, while γBF is tuned
up towards its critical value γBF,c ≈ 0.07 where ωq=0 = 0.
Already at γBF = 0.98γBF,c the phonon velocity cs is
reduced by almost two orders of magnitude. At the criti-
cal point the phonon spectrum changes dramatically from
the linear slope of the Bogoliubov spectrum to ωq ∼ q3,
an observation reminiscent of the ferromagnetic quantum
critical points with dynamical exponent z = 3 [32].
0.01 0.1 1
q [kF]
1e-07
1e-06
1e-05
1e-04
1e-03
1e-02
1e-01
1e-00
1e+01
ω
q 
[E
F]
gBF=0 (Bogoliubov sp.)
gBF=98% gBF,c
gBF=99,96% gBF,c
gBF=99,9993% gBF,c
Fig. 1. [color online] Renormalized phonon spectrum ωq for
fixed γBB = 0.005 and gBF → gBF,c approaching the transi-
tion towards phase separation. From top to bottom: gBB = 0
(Bogoliubov spectrum, black), gBF = 0.98 gBF,c (red), gBF =
0.9996 gBF,c (green), gBF = 0.999993 gBF,c (blue).
Note that this spectrum of undamped oscillations be-
longs not to the original phonons but to the elementary
bosonic excitations of the interacting Hamiltonian which
are phonons dressed with particle-hole excitations. One
can perform the unitary transformation backwards to the
original basis of physical fermions and phonons to obtain
the broadening of the phonon spectral function [33].
The induced interaction is obtained from the flow equa-
tion (20) by inserting the renormalized phonon disper-
sion on the right-hand side. Comparison with the interac-
tion due to unrenormalized phonons (22) in Fig. 2 shows
that phonon damping leads to an enhanced scattering of
Cooper pairs near the Fermi surface. As the transition to-
wards phase transition is approached, this enhancement
becomes more pronounced and eventually leads to a loga-
rithmic singularity of the induced interaction as ǫ′ → EF ,
and of the peak value of the interaction as gBF → gBF,c
(see the inset of Fig. 2).
We finally compare solutions of the gap equation (24)
with the different forms of the effective interaction be-
tween Cooper pairs. By projecting all energies onto the
Fermi surface one obtains the weak-coupling result (25)
(dashed line in Fig. 3), with Tc/TF ≈ 0.05. Including the
dependence of V on the Cooper pair energy away from the
Fermi surface but without phonon damping as in equa-
tion (22) yields a somewhat higher Tc/TF ≈ 0.08 (circles
in Fig. 3). Finally, the full inclusion of phonon damping
using the flow equation (20) leads to a further increase to
Tc/TF ≈ 0.1 (diamonds).
4 Summary and discussion
We have employed the Hamiltonian flow equation method
to derive the induced fermion interaction in a Bose-Fermi
mixture near phase separation beyond the mean-field ap-
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0 0.5 1 1.5 2
ε’ [EF]
0
0.2
0.4
0.6
0.8
1.0
1.2
V i
nd
(ε=
E F
,
ε’
) N
(ε’
)
gBF=0.98 gBF,c
gBF=0.84 gBF,c
gBF=0.70 gBF,c
0 0.5 1
gBF / gBF,c
0
0.5
1.0
1.5
2.0
V i
nd
(E
F,
E F
) N
F
Fig. 2. [color online] Induced fermion interaction in the BCS
channel V (ǫ, ǫ′) approaching the transition towards phase sep-
aration. For each pair of curves the lower (dashed) line is with-
out phonon damping, while the upper (solid) line includes the
effect of phonon damping which leads to a logarithmic singular-
ity. Parameters are γBB = 0.005 and gBF = 0.98 gBF,c (upper
pair), gBF = 0.84 gBF,c (middle pair), and gBF = 0.7 gBF,c
(lower pair). The inset shows the peak value of the interaction
(at ǫ′ = EF ) as a function of gBF /gBF,c, again with the lower
(dashed) line representing bare phonons and the upper (solid)
line including renormalized phonons.
0.6 0.8 1.0
gBF / gBF,c
0.00
0.05
0.10
0.15
T c
 
[E
F]
large gap, renorm. phonons
large gap, bare phonons
weak coupling, bare phonons
Fig. 3. [color online] Transition temperature Tc towards
fermion pair superfluidity due the fermion interaction induced
by phonons near the transition towards phase separation. The
curves are from top to bottom: diamonds represent the full
phonon damping according to equation (20), circles represent
the inclusion of energies away from the Fermi level but un-
renormalized phonons (22), and the dashed line represents the
weak-coupling result (25) with the interaction restricted to the
Fermi level (23). As before, γBB = 0.005.
proximation, and found an increase in the resulting tran-
sition temperature towards fermion pair superfluidity.
This involved going beyond the asymptotic solution
of the phonon flow equations [25] to the full solution in-
cluding high-energy fluctuations; we obtained a dispersion
ωq ∼ q3 for dressed phonons near the transition towards
phase separation. While it has been known that the pho-
non softening asymptotically leads to a logarithmic singu-
larity in the induced interaction [25] we have computed the
form of the induced interaction quantitatively for Cooper
pairs also far away from the Fermi level and found that the
superfluid transition temperature near the phase separa-
tion instability will increase substantially due to phonon
damping.
In order to identify the experimental parameters which
are most favorable for the observation of superfluidity in
Bose-Fermi mixtures, we note that the transition temper-
ature Tc grows monotonically with the induced fermion
coupling λ in equation (3), both at weak and strong cou-
pling. For the experimental parameters given above, x ≈
70. For strong boson repulsion and/or light fermions, xγBB ≫
1 and the coupling λ → λMF = γ2BF /γBB agrees with
the mean-field value (2). Since λ decreases monotonically
with γBB, one obtains a larger coupling λ by reducing
γBB. However, one eventually crosses over into the regime
where xγBB . 1 and λ is enhanced only logarithmically
when further decreasing γBB.
At the same time, λ is a monotonically increasing func-
tion of x, so one can reach a higher critical temperature
by increasing the density of bosons relative to fermions, or
the mass ratio between bosons and fermions. To conclude,
the most direct way to observe superfluidity appears to be
to increase the strength of the Bose-Fermi coupling |γBF |,
for instance by a magnetically tuned Feshbach resonance,
to the vicinity of phase separation or collapse. It will also
be interesting to study the influence of a fermion mass dif-
ference on fermion pairing which is relevant in experiments
with 6Li–40K mixtures immersed in a 87Rb condensate [2].
This work was supported by the DFG Research Unit 801 “Strong
correlations in multiflavor ultracold quantum gases.”
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